Quandle homology was defined from rack homology as the quotient by a subcomplex corresponding to the idempotency, for invariance under the type I Reidemeister move. Similar subcomplexes have been considered for various identities of racks and moves on diagrams. We observe common aspects of these identities and subcomplexes; a quandle identity gives rise to a 2-cycle, the abelian extension with a 2-cocycle that vanishes on the 2-cycle inherits the identity, and a subcomplex is constructed from the identity. Specific identities are examined among small connected quandles.
Introduction
Quandle homology [3] was defined from rack homology [9] as the quotient by a subcomplex corresponding to the idempotency, for invariance under the type I Reidemeister move. Similar subcomplexes have been considered for various identities of racks and moves on diagrams. Typically a certain change of knot diagrams requires a condition for quandle 2-cocycles to satisfy to obtain desired cocycle invariant, and the condition leads to a subcomplex. For example, for defining quandle cocycle invariants for unoriented knots, a good involution was defined in [13] , and a corresponding condition for cocycles and a subcomplex were defined. For a telephone cord move for racks, a condition for rack 2-cocycles and a subcomplex were defined in [7] . Certain moves on handlebodylinks were considered in [1, 10] , and corresponding subcomplexes were defined. In this paper, we give a construction of a 2-cycle L from a given identity of quandles in a certain form, show that the abelian extension with a 2-cocycle φ such that φ(L) = 0 inherits the identity, and construct a subcomplex from the identity. The homology and cohomology of these subcomplexes remain to be investigated.
Preliminary material and definitions are provided in Section 2, and an outline of the method is explained using type 3 racks in Section 3. The main results are presented in Section 4 with proofs, and applied to type n quandles and identities similar to the Burnside relations. In Section 5, specific identities are examined among small connected quandles, and a large class of Alexander quandles is given that satisfies many identities.
Preliminary
In this section, we provide preliminary material, definitions and notation. More details can be found, for example, in [4, 8] .
A rack X is a non-empty set with a binary operation (a, b) → a * b satisfying the following conditions.
(1) For any b ∈ X, the map R b : X → X defined by R b (a) = a * b for a ∈ X is a bijection. (2) For any a, b, c ∈ X, we have (a * b) * c = (a * c) * (b * c).
The map R b in the first axiom is called the right translation by b. By axioms R b is a rack isomorphism. A quandle X is a rack with idempotency: a * a = a for any a ∈ X. A quandle homomorphism between two quandles X, Y is a map f : X → Y such that f (x * X y) = f (x) * Y f (y), where * X and * Y denote the quandle operations of X and Y , respectively. A generalized Alexander quandle is defined by a pair (G, f ) where G is a group, f ∈ Aut(G), and the quandle operation is defined by x * y = f (xy −1 )y. If G is abelian, this is called an Alexander quandle.
Let X be a rack. For brevity we sometimes omit * and parentheses, so that for
We also use the notation x * n y = x * y * · · · * y where y is repeated n times. A rack X is said to be of type n (cf. [12] ) if n is the least positive integer such that x * n y = x holds for all x, y ∈ X, and we write type(X) = n. A type 1 quandle is called trivial, and a type 2 quandle is called a kei or an involutory quandle.
The subgroup of Sym(X) generated by the permutations R a , a ∈ X, is called the inner automorphism group of X, and is denoted by Inn(X). A rack is connected if Inn(X) acts transitively on X.
The rack chain group C n (X) = C R n (X) for a rack X is defined to be the free abelian group generated by n-tuples (x 1 , . . . , x n ),
respectively, whereˆdenotes deleting the entry. Then the boundary map is defined by
The degeneracy subcomplex C D (X) was defined [3] for a quandle X with generating terms (x i ) n i=1 ∈ C n (X) with x j = x j+1 for some j = 1, . . . , n − 1, and the quotient complex {C Q n (X) = C R n (X)/C D n (X), ∂ n } was defined [3] as the quandle homology. The corresponding 2-cocycle is formulated as follows. A quandle 2-cocycle is regarded as a function φ : X × X → A for an abelian group A that satisfies
for any x, y, z ∈ X and φ(x, x) = 0 for any x ∈ X. For a quandle 2-cocycle φ, E = X × A becomes a quandle by (x, a) * (y, b) = (x * y, a + φ(x, y)) for x, y ∈ X, a, b ∈ A, denoted by E(X, A, φ) or simply E(X, A), and it is called an abelian extension of X by A. The second factor, in this case, is written in additive notation of A. See [2, 4] for more details. Computations using GAP [16] significantly expanded the list of small connected quandles. These quandles, called Rig quandles, may be found in the GAP package Rig [15] . Rig includes all connected quandles of order less than 48, at this time. Properties of some of Rig quandles, such as homology groups and cocycle invariants, are also found in [15] . We use the notation Q(n, i) for the i-th quandle of order n in the list of Rig quandles, denoted in [15] by SmallQuandle(n, i). Note, however, that in [15] quandles are left distributive, so that as a matrix, Q(n, i) is the transpose of the quandle matrix SmallQuandle(n, i) in [15] .
Type quandles
Before presenting the main theorem and proof, we describe the properties of rack identities through the example of type 3 quandles in this section. We note that a subcomplex for type 2 quandles, or keis, is defined in [13] as a special case of their subcomplex. Recall that a rack X is of type 3 if it satisfies the identity S: x * y * y * y = x for any x, y ∈ X. We observe the following three properties.
(i) From this identity S we form a 2-chain
It is checked that L is a 2-cycle:
using the identity S.
(ii) Let φ ∈ Z 2 R (X, A) be a rack 2-cocycle with the coefficient abelian group A such that
= (x * y * y * y, a + φ(x, y) + φ(x * y, y) + φ(x * y * y, y))
Hence E(X, A, φ) is of type 3.
(iii) Define, for each n, a subgroup C S n (X) ⊂ C n (X) generated by
For a fixed j, y is positioned at (j+1)-th entry. Then {C S n , ∂ n } is a subcomplex, which will be proved in the general case in Section 4. In this section, to illustrate the idea of the proof, we compute the image under the boundary map for a specific generator of C S 4 (X). We simplify the notation and use (1, 2, 3, 4) for (x 1 , x 2 , x 3 , x 4 ), 12 for x 1 * x 2 , etc. Let c = (1, 2, 3, 4)+(13, 23, 3, 4)+(133, 233, 3, 4) that is a generator for the case n = 4 and j = 2. We compute ∂ 4 (c) and show that the image is in C S 3 (X). First we compute which is a generator. This concludes the computation that ∂ 4 (c) ∈ C S 3 (X).
From identities to extensions and subcomplexes
Let X be a rack. For brevity we omit * and take the left-most parenthesis as before. Fix a surjection τ : {1, . . . , k} → {1, . . . , m}, where k ≥ m are positive integers. We consider identities of the form
is a word of length k from the alphabet {y 1 , . . . , y m }. We assume that k > 1, since otherwise the quandle is trivial. For example, for a type n rack X, there is an identity of the form x y 1 · · · y 1
Definition 4.1. We call an identity S of the form xy τ (1) · · · y τ (k) = x as described above a (τ, k, m) inner identity. If an inner identity S above holds for any x, y j ∈ X, j = 1, . . . , m, then we say that X satisfies the (τ, k, m) inner identity S.
, n ∈ Z, be subgroups generated by
We use the following lemma in the proof of Theorem 4.6.
Lemma 4.4. Let X be a quandle.
Proof. (i) One computes inductively, using self-distributivity,
(ii) One computes inductively
as desired. Theorem 4.6. Let X be a rack. Let S be a (τ, k, m) inner identity xy τ (1) · · · y τ (k) = x that X satisfies. Then the following holds.
(ii) For an abelian group A and a 2-cocycle φ, E(X, A, φ) satisfies S if and only if φ(L S ) = 0.
(iii) The sequence of subgroups
Proof.
which is equal to (x, a 0 ) if and only if φ(L S ) = 0, as desired.
(iii) We check the following three cases. Case (1): h ≤ j. In this case, each term of
is obtained from the original term by deleting the h-th entry, hence the image is an element of C S n−1 (X). Each term of
is obtained from the original by replacing the first h entries of the form x ℓ ω i by
By Lemma 4.4 (i), we obtain
Hence the image is in C S n−1 (X). Case (2): h = j + 1. One computes
for the i-the term, and
for the (i − 1)-th term, so that these terms cancel in pairs by opposite signs. The first term before the sum over i and the last term of the sum over i,
are equal and cancel by opposite signs. Hence the image of this case is zero.
Case (3):
is computed as
By Lemma 4.4 (ii), we obtain
We note that it holds that if y τ (u) = y τ (v) then y τ (u) x h = y τ (v) x h . Hence we can set y ′ τ (j) = y τ (j) x h ∈ X for j = 1, . . . , k, and
so that the above sum ( * ) is an element of C S n−1 (X) as desired.
The construction of 2-cycles in (i) is a generalization of [17] . The following are immediate corollaries of Theorem 4.6 for specific identities.
Corollary 4.7. Let X be a type n quandle, with the identity S: x * n y = x for all x, y ∈ X for a fixed n > 1. Then the following properties hold.
(ii) For an abelian group A and a 2-cocycle φ, E(X, A, φ) satisfies S if and only if φ(L S ) = 0 for any element x, y ∈ X.
(iii) Let C S n (X) be the subgroup of C n (X) generated by
Then the sequence of subgroups {C S n (X), ∂ n } is a subcomplex.
The following is motivated from Burnside relations discussed in [14] . We consider the identity xw = x for w = y 1 * y 2 * y 1 * y 2 * · · · * y 1 * y 2 k repetitions .
For simplicity denote w by Y k where Y denotes y 1 y 2 and the exponent k represents the number of repetitions of y 1 y 2 (but each y 1 y 2 is not parenthesized).
Corollary 4.8. Let X be a quandle that satisfies the identity S: xw = x for w = Y k as above, for all x, y 1 , y 2 ∈ X for a fixed k > 1. Then the following properties hold.
(ii) For an abelian group A and a 2-cocycle φ, E(X, A, φ) satisfies S if and only if φ(L S ) = 0 for any element x, y 1 , y 2 ∈ X.
Remark 4.9. A quandle X is medial, or abelian, if the identity S:
holds for any x, y, u, v ∈ X. This property is well known, see [11] for some discussions. We note that this is not in the form of inner identity, but point out that procedures analogous to those in the proof of Theorem 4.6 (i) and (ii) still apply. Let
for any x, y, u, v ∈ X, and (ii) for a 2-cocycle φ with a coefficient abelian group
Proof is direct computations. For (i), we compute
and for (ii), we compute
Inner identities
In this section we examine specific inner identities, as well as quandles that satisfy these identities. First we present the number of type n Rig quandles for possible values of n. Remark 5.1. Let X be a quandle. The subgroup of Sym(X) generated by right transformations {R x | x ∈ X} is called the inner automorphism group and denoted by Inn(X). For a quandle X, the map inn : X → Inn(X) defined by inn(a) = R a for a ∈ X is called the inner representation. Computer calculations show that for over 3000 non-faithful quandles X (mostly generalized Alexander quandles) it holds that type(X) = type(inn(X)). For the great majority of these quandles, inn : X → inn(X) are abelian extensions. In [6] , it was conjectured that if a quandle X is a kei, then any abelian extension of X is a kei. Thus we make the following conjectures.
Conjecture 5.2.
(1) If α : E → X is a connected abelian extension then type(E) = type(X).
(2) If Q is connected then type(Q) = type(inn(Q)).
Let X be a quandle. Let xw = x be an inner identity, where w is a word in the alphabet Λ. Let |w| denote the length of w, that is, the number of letters in w. We note that if the length of w is k, then the quandle is of type at most k, since the identity must hold for any values of variables. We observe the following. Proof. Convert this identity to a product of R c , c ∈ X. The identity is equivalent to that his product equals 1, so we can solve it for R a . Thus R a is a product of R ±1 c , c = a. This identity must hold for any a, c ∈ X. By fixing the values of c and choosing different values of a, we obtain R a = R a ′ for all a, a ′ ∈ X. Since R a (a) = a * a = a, we obtain R a ′ (a) = a * a ′ = a for all a, a ′ ∈ X. Proof. Under the assumption w is written as w = a h b k a |w|−h−k for h ≥ 0, where the exponents represents the number of repetitions. Then the identity xw = x is converted to the identity
for all a, b ∈ X, as desired.
We examine identities of small lengths.
Length 1.
If the identity xa = x holds in a quandle X, then X is trivial by Lemma 5.3. The words w such that identities xw = x are not satisfied by any of the Rig quandles are: w = aaabab, aababa, aabbab, aababb, abaaab, abaabb, ababbb, abbaba, abbaab, ababaa, ababba, abbbab.
Thus we conjecture that no connected quandle satisfies these.
The following words are satisfied by the same 202 Rig quandles, which contain all 117 Rig keis: aabaab, abaaba, abbabb.
The word ababab is satisfied by 55 Rig quandles, 4 of which are keis.
Length 7.
Except for those words w that give trivial quandles from Lemmas 5.3, 5.5 and type 7 quandles (15 of them among 790 Rig quandles), there are only two Rig quandles that satisfy the identity xw = x with 2 letter words w of length 7, and they are: Q(8, 2) = Z 2 [t]/(t 3 + t 2 + 1) satisfies identities with w = aababba, abbbaba, ababbaa, aabbbab, aaababb, abaabbb, abbaaab.
Q(8, 3) = Z 2 [t]/(t 3 + t + 1) satisfies identities with w = aabbaba, abbabaa, ababbba, aababbb, aaabbab, abaaabb, abbbaab.
Finally we observe the following. Proof. We consider Alexander quandles (X, t), where t is an automorphism of an abelian group X, with x * y = tx + (1 − t)y. Inductively one computes x * y 1 * · · · * y k = t k x + (1 − t)(t k−1 y 1 + t k−2 y 2 + · · · + ty k−1 + y k ).
Setting k = mn and y hm+j = y j for h = 0, 1, . . . , n − 1, j = 1, . . . , m, we obtain 
